Dedicated to Adriano Barlotti on the occasion of his 80th birthday, in friendship Let X be a real inner product space of finite or infinite dimension d2, and let % 0 0 be a fixed real number. The following results will be presented in this note.
Notation
Let X be a real inner product space of arbitrary finite or infinite dimension d2, i.e. a real vector space equipped with a fixed inner product t : X Â X ! R; tðx; yÞ ¼: xy; satisfying x 2 :¼ xx > 0 for all x 0 0 of X. Notice that X need not be complete, i.e. that X need not be a real Hilbert space. Take a fixed t A X with t 2 ¼ 1 and define t ? :¼ fx A X j xt ¼ 0g. Observe X ¼ t ? l Rt. We hence get the uniquely determined decomposition Remark. It might be noticed that the theory does not seriously depend on the chosen t ( [6] , p. 229).
The Lorentz transformations as defined before can explicitly be written by means of (proper or improper) Lorentz boosts and orthogonal transformations ( [6] , p. 221): For p A t ? with p 2 < 1 and
Obviously, k 2 d 1. The mappings A p ; B p; k are linear and B p; k : X ! X is even bijective. Define also B 0; À1 ðxÞ :¼ x À x 0 t: B p; k is called a Lorentz boost, a proper one for k d 1, an improper one for k c À1. All Lorentz transformations l of X are exactly given by lðxÞ ¼ ðB p; k oÞðxÞ þ d with a boost B p; k , an orthogonal and linear mapping o from X into X satisfying oðtÞ ¼ t, and with an element d of X.
The following theorem was proved by Cacciafesta [9] in the case dim X < y, and by Benz [7] in the general case.
Theorem 2. If dim X d 3 and if s : X ! X is bijective and satisfies lðx; yÞ ¼ 0 ) lðsðxÞ; sðyÞÞ ¼ 0 for all x; y A X , then s must be the product of a Lorentz transformation and a dilatation.
Important partial results of Theorem 2 were proved by Alexandrov [1] and by Schrö der [15] , [16] . Schrö der even studied the case of an arbitrary field instead of R. 
Proof. Case 1: x 0 0 0. Take an element e in t ? with e 2 ¼ 1. Then xe 0 x 0 or xe 0 Àx 0 . Assume xe 0 ex 0 with e A R and e 2 ¼ 1. Now put v :¼ e þ et and, by
Hence (1) holds true. Case 2:
for z A X , and define a by (2) . Then also here (1) holds true. r for all x; y A X . Then s must be injective.
Proof. If p 0 q are elements of X, take, in view of Lemma 2, r A X with lðr; pÞ ¼ % and lðr; qÞ ¼ 0. Hence, by (4), (5),
where we put z 0 ¼ sðzÞ for z A X . Now (6) implies p 0 0 q 0 . r If dim X < y, result A follows from Theorem 1. Suppose now that X is infinitedimensional and that s : X ! X is surjective, satisfying (4) and (5) for all x; y A X , where % 0 0 is a fixed real number. Hence, by Lemma 3, s is injective, and thus bijective. Hence, by Theorem 2, there exists a Lorentz transformation l : X ! X and a real number k 0 0 such that
for all x A X . Now (5) implies lðx; yÞ ¼ % ) % ¼ lðklðxÞ; klðyÞÞ for all x; y A X , i.e. lðx; yÞ ¼ % implies
sðxÞ ¼ ÀlðxÞ for all x A X . But this is also a Lorentz transformation. So we have proved Theorem A. Let % 0 0 be a fixed real number and let s : X ! X be a surjective mapping satisfying (4) and (5) for all x; y A X . Then there exist a Lorentz boost B p; k , a linear, bijective and orthogonal mapping o : X ! X with oðtÞ ¼ t, and an element d of X such that
Remark. Theorem A holds true, as was shown, for all real inner product spaces X with dim X d 2. If X ¼ R 2 , if we put
for all x; y A X . Let f be a non-continuous bijection of R, for instance f ð0Þ ¼ 1, f ð1Þ ¼ 0 and f ðxÞ ¼ x otherwise, then
is a non-continuous bijection of X satisfying lðx; yÞ ¼ 0 , lðsðxÞ; sðyÞÞ ¼ 0 for all x; y A X (Rätz [14] ). Hence s cannot be a Lorentz transformation, and it even cannot be a product of a Lorentz transformation and a dilatation. In the case dim X d 2, the mapping sðxÞ ¼ 2x is bijective, it satisfies (4), but not (5) for any given % 0 0. So it cannot be a Lorentz transformation.
Causal automorphisms
Let x; y be elements of X. Also in the infinite-dimensional case we put Of course, x < y stands for x c y and x 0 y, x d y for y c x, and x > y for y < x.
Suppose that x; y are elements of X satisfying x < y. Then 
and thus ky À xk ¼ ky À uk þ ku À xk. Since X is strictly convex, y À u, u À x must be linearly dependent. Hence there exists a A R with
in view of x 0 y; observe that x ¼ y and ky À xk ¼ y 0 À x 0 would imply x ¼ y. Now (7), (8) yield
i.e. 1 ¼ j1 À aj þ jaj, i.e. 0 c a c 1. Hence, with x :¼ y 0 À x 0 ,
Similarly, v A ½x; y implies
Hence u c v for a c b, and v c u for b c a. b) Assume that ½x; y is ordered and that lðx; yÞ 0 0. Hence, by x < y, we obtain lðx; yÞ < 0 and x 0 c y 0 , i.e.
ðy À xÞ
2 < ðy 0 À x 0 Þ 2 and x 0 < y 0 :
Choose e A t ? with e 2 ¼ 1 and e A R with 0 < 2e < ðy 0 À x 0 Þ À ky À xk; ð9Þ and put
Observe u 0 ¼ v 0 and v À u ¼ ee, i.e. lðu; vÞ ¼ e 2 > 0, i.e.
Moreover,
In order to prove (11), we observe, first of all,
x 0 c u 0 c y 0 and x 0 c v 0 c y 0 ;
lðx; uÞ ¼ 1 4 lðx; yÞ ¼ lðu; yÞ;
i.e. lðx; uÞ ¼ lðu; yÞ < 0. The triangle inequality yields
i.e. by (9),
i.e. lðx; vÞ and lðv; yÞ are negative. Because of (10), (11), ½x; y is not ordered, a contradiction. Hence lðx; yÞ ¼ 0. r A Lorentz transformation l of X is called orthochronous if, and only if, it is also a causal automorphism. Proof. a) Let l be an arbitrary orthochronous Lorentz transformation, say
Since l is bijective, also o : X ! X must be bijective. Moreover, 0 c t implies lð0Þ c lðtÞ, i.e. Proof. Observe that mðxÞ :¼ gx defines a causal automorphism for a real constant g > 0. Hence, by Proposition 3, (13) must be a causal automorphism as well. Suppose now that l : X ! X is an arbitrary causal automorphism. If x 0 y are elements of X with lðx; yÞ ¼ 0, we may assume x 0 c y 0 without loss of generality, and hence x < y. Thus, by Proposition 2, ½x; y is ordered. Since l is a causal automorphism, also ½lðxÞ; lð yÞ must be ordered and lðxÞ < lð yÞ holds true. Hence, by Proposition 2, lðlðxÞ; lðyÞÞ ¼ 0. Now Theorem 2 implies that lðxÞ ¼ m Á l 1 ðxÞ ð 14Þ
for all x A X , where l 1 is a Lorentz transformation and m 0 0 a real constant. We may assume m > 0 without loss of generality, since otherwise we would consider lðxÞ ¼ ðÀmÞ Á ðÀl 1 ðxÞÞ;
by observing that also x ! Àl 1 ðxÞ is a Lorentz transformation. Hence x ! 1 m lðxÞ is a causal automorphism, and thus, by (14) , l 1 is an orthochronous Lorentz transformation. In view of Proposition 3, we hence get (13) with the properties described in Theorem B. r
Proof of result C
Let B be a set with cardðBÞ d @ :¼ cardðRÞ and define X to be the set of all functions
x : B ! R such that fb A B j xðbÞ 0 0g is finite. We shall write x also in the form
